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ABSTRACT

The solution of optimum rendezvous trajecto-
ries with bounded thrust magnitude and interim
coasting arcs has been obtained. The Lagrange
multipliers, determined from the impulsive solution,
are used as starting values. The three-dimensional
equations have been derived for the assumptions of
a mass particle moving in an inverse square force
field in a vacuum. A practical solution time was ob-
tained by the use of a convergence technique which
employs the impulsive solution to generate correc-
tions to the initial multipliers.
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THE UTILIZATION OF AN IMPULSIVE SOLUTION IN
SOLVING OPTIMUM TRAJECTORY PROBLEMS
WITH BOUNDED THRUST MAGNITUDE

By Donald J. Jezewski
Manned Spacecraft Center

SUMMARY

A method is presented for obtaining solutions to nonlinear optimal trajectory
problems with bounded thrust magnitude by use of the corresponding impulsive solution
to generate the starting values of the Lagrange multipliers. The equations were de-
rived in three dimensions for a mass particle moving in an inverse square force field
in a vacuum. The convergence scheme which makes use of the impulsive multipliers
has an efficient solution time as compared to a first-order perturbation technique.

An example problem of a transfer from Earth to Mars for fixed initial thrust ac-
celerations has been used to demonstrate the solution technique. The number of iter-

ations and the time required for a solution increased rapidly as the assumptions of the
impulsive solution were violated.

INTRODUCTION

The solution of optimal trajectories with bounded control variables, which uses
the indirect method of the calculus of variations, has been treated by many investiga-
tors (refs. 1 to 5). This formulation results in a two-point boundary-value problem
which usually has unknown initial or final values of the Lagrange multipliers. The pro-
cedure has simply been to make an intuitive guess of these values. For special prob-
lems in particular coordinate frames, an experienced investigator can attach some
physical meaning to these multipliers (ref. 6). The extreme sensitivity of the terminal
boundary conditions to variations in the initial or final values of these variables is well
known. This deterrent to the indirect solution method gives rise to other techniques
such as the gradient or steepest-ascent method (ref. 7). Difficulties are also inherent
in this method; for example, the choice of proper step size and the manner in which it
is varied (ref. 8). The tendency of investigators is to look to other methods of solu-
tion. One interesting possibility, a hybrid optimization technique, consists of the
method of steepest ascent for the initial phase and one of the indirect methods for the
latter phase.



Pines (ref. 9) suggested that the Lagrange multipliers obtained by assuming an
impulsive solution be used as starting values. He reasoned that, "We can look at the
impulsive solution as a limiting point in a simply connected region in the space of the
initial conditions of the adjoint variables." This indicates that, at worst, a solution
could be obtained by stepping the initial thrust acceleration from the impulsive case to

the desired finite level.

Handelsman (ref. 4) solved two-dimensional Earth-to-Mars trajectory problems
by use of the impulsive multipliers as starting values. The author's work is an ex-
tension of and improvement on Handelsman's solution. The extension involves adding
the third dimension to the solution. The improvement derived is the increased effi-
ciency, as defined by the number and time for an iteration, in obtaining a solution.
This efficiency is accomplished not only by using the impulsive multipliers as starting
values, but also in the convergence scheme of a finite thrust-acceleration problem.
The method of using an approximate closed-form solution in a convergence scheme
(feedback loop) of a nonlinear problem is exemplified in Battin's work (ref. 10) and in
Jezewski's work (ref. 6) for the circumlunar and time-optimal trajectory problems.

SYMBOLS

matrix defined in equation (78)

AZ azimuth angle measured from 19, deg

B terminal boundary vector

Cl’ C2, cey C6 constants defined in equation (78)

C, constant defined in equation (19)

e eccentricity of the coasting ellipse

fl, £, .0 vs f6 functions defined in equations (51) to (56)

Isp specific impulse, sec

k logical control switch |
m vehicle mass, slugs

p period of circular orbit whose radius is Iy Sec

q function defined in equation (57)

r radius to mass particle from center of attracting body, ft




u,v,w

1

6’

o

transformation matrix defined in equation (59)
thrust, 1b
time, sec

components of total velocity in directions in 1 &’ 1, and 19 di-

rections, respectively, ft/sec
total velocity, ft/sec

exhaust velocity, ft/sec
nondimensional exhaust velocity

inertial reference frame, ft
nondimensional velocity

unit vector in the v direction
unit vector in the direction normal to the plane of motion
unit vector in p, ¢, and 6 directions, respectively

included angle between thrust and velocity vectors, deg
variable defined by equation (103)

flightpath angle, deg

change of

nondimensional time rate of change of latitude

included angle between 1R and 1 ¢ unit vectors, deg

latitude angle, deg
switch function defined in equation (17)
primer vector

Lagrange multipliers

mass fraction



Subscripts:

C

I
L]

max

u, v, w

0,1

2,f

gravitational constant, ft3/sec2

true anomaly angle, deg

3. 1415927, rad

nondimensional radius

nondimensional time rate of change of longitude

nondimensional time

longitude angle, deg .
thrust pitch angle measured from local horizontal plane, deg

thrust yaw angle measured from 1 &’ deg

time rate of change of e, sec™]

refers to a corrected solution
refers to an integrated solution
indices

maximum value of

reference quantity

refer to components in 1¢, lp, and 19 directions, respectively

refer to conditions before and after first impulse
refer to conditions before and after second impulse

in the direction of the unit vector lp

below a variable indicates a vector quantity




Superscripts:
a,b

R

Operators:
()
()

value of a quantity after and before an event

with respect to the lp, lR’ and lT coordinate frame
with respect to the lp’ 1¢, and 19 coordinate frame

inverse of a matrix

approximate value of variables

derivative with respect to time t

derivative with respect to time 7

OPTIMUM TRAJECTORY EQUATIONS

The nonlinear, nondimensional equations of motion of a mass particle moving in
an inverse square force field in a vacuum and acted upon by a thrust acceleration can
be written in the following manner (see appendix}):

2 2 2) 1 .
T _ —_— - =
Zv p(ccos 6 +6 +p2+”vesmx 0

u'

po'cos 0 + ZG(ZV cos 6 - pd sin 9) +Eve cos xcosy =0

b

t
pd' + ZZSZV + pozsin 0 cos 0 +ﬁ Vv, COS X siny =0

Jo) —ZV=0
¢'-0=0
0'-6=0

(1)

)

®3)

(4)

(5)

(6)



w+B8=0 (7

The prime refers to the nondimensional time 7 = tVR /rR, and B is proportional to the

thrust T. The state variables are the position and velocity coordinates p, ¢, 6,

ZV, o, 0, and the mass p. The control variables are the magnitude and direction of

the thrust Bve, X, and Y, respectively. The exhaust velocity Ve is assumed con-

stant. The axis system and the associated notation is illustrated in figure 1.

1g

Ve
/
AN P

1¢

Figure 1. - Coordinate system and angle definition.

For this system of constraint equations, it is desirable to determine the thrust-vector
program (bounded in magnitude) for a trajectory between two fixed positions, veloci-
ties, and times which minimizes the propellant consumption. The necessary and suf-
ficient conditions for an optimum trajectory may be found in reference 1. It will suffice
to state the variational equations and indicate their functions.

)\1 = 2()\20 cos 6 + 7\36) - )\4 (8)
z, Ag
v _ _ s v _ v
X' = 20(7\1 cos 6 - A4 sin 9) +ag\ - 0tan b - oooey (9)
Zv A6
7\3' = -2(7\15 + )\.20' sin 9) + 7\3 ? - F (10)




7\4' = -7\1 (62 + czcosze +l> + Az(o'cos 0 - 206 sin @)

3
p
+ 7\3 (5' + stin 6 cos 9) (11)
7\5' =0 12)

7\6' = 27\1p025in 6 cos 0 + 7t3p0’2cos 20

'}‘2 l:p o'sin 6 + 20 (Zv sin 6 + pd cos 0):, (13)
Ve
A =631l 1
1L
7\1 )\3
tan X = 3= cos Y, tantpzx— (15)
2 2
1/2
|A| = (xlz + )\22 + x32> (16)
Ve
=— -2 17
8 Bmax’ k>0 (18)
1o, k<0

—_ t ] _ t 1
CO— Alzv Azpc cos 0 A3p6 7\4p

—7\5¢ - A

t 1
69 ?\Mu (19)

Equations (8) to (14), the Euler-Lagrange equations, are the first necessary conditions
for an optimum trajectory. The optimum conditions on the thrust vector are given by
equations (15) to (18). These equations show the thrust direction to be alined with the
primer vector A (Lawden's notation, ref. 2) and indicate the condition for the change



in magnitude of the bounded thrust (the switching function «(7)). The condition for
k = O (intermediate thrust arcs) will not be considered in this study. The primer vec-
tor A has components Al, Az, and A3 in the directions of the unit vectors lp, 1 ¢’

and 19, respectively. The direction cosines of the thrust vector can be written as

2
sin xX= m (20)
9
cos X CosS Y = W (21)
A3
cos xsin ¢ = Al (22)

This allows a replacement of the angles x and ¥ in the formulation by the primer-
vector magnitude and its components. Equation (19) results from a first integral; C0

is a constant if the external accelerations are explicitly independent of the variable 7.
IMPULSIVE RELATIONSHIPS

An impulsive solution is assumed to occur in two possible manners: the external
force acceleration approaches infinity or the independent variable T goes to zero.
The form of equations (1) to (14) is unsuitable for determination of the relationships be-
tween the variables when an impulse is applied. A change in variables is made from
7 to p because the mass ratio has a finite variation across the impulse. Performing
this change in the independent variables and taking the limit of equations (1) to (14) as
B approaches infinity, the following equations result.

AZ = |AV]| sin x (23)

p Ao cos 6 = |AV| cos x cos ¥ (24)
p A6 = |AV| cos x sin ¥ (25)
Ap=0 (26)

AP =0 27



A6 =0 (28)

A =0 (29)
Adg =0 (30)
Arg=0 (31)
AX, = Ay Ao cOs 6 + 2g AS (32)
Axg =0 (33)
A)\G = —p)\z A0 sin 6 (34)
_ 1 1
A?\“ = Ve |é|(—a - —E’) (35)
TR
The quantity [AV] is
a
i
dp p?
IA_YI = -Ve T = —Ve].n —b (36)
i
b
i

This equation is not actually used to determine the magnitude of the impulse because
the change in the mass ratios is not known a priori. The AV is determined by dif-
ferencing the velocity vectors before and after the impulse.

AV=V, -V, (37)

Because the impulse is alined with this vector, the thrust direction angles y and ¥
are also specified.



In equations (23) to (35), the quantities p, ¢, @, A A9 Ag, and Ag do not

change, which indicates that the position and primer vector are invariant over the im-
pulse. The variable A5 is a constant of motion of the solution and is unaffected by the

impulse. The relationships between the variables that change across the impulse are

a b X
z, =27  + |aV] sin x (38)
Av|
a b —_
g =0 + 5 co5 0 €cOs x cos Y (39)
lav]
5% = 6° + —— cos x sin ¥ (40)
A4 =7t4 +)\2 5 COS X COs Y + 37 cos x sin Y 41)
Aa=>\b-k|AV| cos y cos ¢ tan 6 (42)
6 6 217 =
a b 1 1
>\IJ' = 7\“ + Ve II_\I <;§ —F> (43)

where equations (39) and (40) were used in equations (41) and (42).
PRIMER VECTOR ON A COASTING ARC

Lawden's equations for the Lagrange multipliers and their time rate of change
on a coasting arc (ref. 2) are

)\1 = C1 cos v + C2 e sin v + C3f2(v) (44)
C4
)\2 = leS(V) + szl(v) + C3f3(v) + W (45)

10



_(C5 cos vV + CG sin v)

Ag = 7,0) | - (46)
5‘1 =v [—Cl sin v + C2 e cos v + C3f4(v)] 4n
X2=13-CIW+COSV - Cyesinv
£,%0)
C,esinv
+ C3 ___cozs Y. fz(v) +——4 5 (48)
£,%0) £,°)

) il:—C5 sén iiCG(e + cos v)]

A : (49)
3 f12(v)
where
1/2
V= (0200s 6 +06 ) (50)
and
fl(u) =14+ecosv (51)
f.(v)si
fz(v) ) _cgs v, ef(v s1;1 v 52)
120 (1-¢7)
£, () £.(v)
1 6
f,(0) = v (53)
R ()

11



f,() = sinv efg(v)cos v (54)
f12(v) (1- e?)

1 .
fs(v) = - [1 + ml ” ]sm v (55)
. 2) .
f6(v)= Sl%lll +(1+2e )smv r

fI ) (1 - e2) fl(v)

_ e tan_l[q tan (%)] (56)
(1 ] ez) 3/2
a= [ﬁ—;}] Ve (57)

This set of equations is a function of only three quantities: the constants

Cl’ CZ’ cees C6 defined by the initial conditions on the multipliers and their deriva-
tives, the true anomaly v, and the eccentricity e of the coasting arc. The compo-
nents (Al, Ay, and )\3) of the primer vector as defined above are with respect to an

altitude, range, and track coordinate frame. The transformation to the spherical co-
ordinate frame is given as

INEETS (58)

where the superscripts R and S refer to the altitude, range, and track coordinate
frame, and the spherical coordinate frame, respectively. The transformation S is

given as

<

1 0 0 .
S=|0 cose -sine (59)

0 sin € COS €

where € (fig. 2) is a negative rotation about the unit p-axis.

12



1 1e

1y
Qr 1,

1t

Figure 2. - Angular relationship between an altitude, range, and track frame
and a spherical coordinate frame.

The time rate of change of this vector is given as

AS=sA® 4+ 2 xa® (60)
This vec-

where the vector £ is the angular rate between the two coordinate frames.
tor is directed along the p-axis and may be readily verified to have a magnitude given

as
(61)

|S_2| = Qp: -0 sin 6

INITIAL MULTIPLIER DETERMINATION

It may be noted from equations (29) to (31) that the components (Al, 7\2, and As)
of the primer vector are continuous across an impulse. Therefore,

(62)
(83)

13



AL =22 (64)

From the previous section the primer vector and its derivative on the coasting arc are
known by equations (44) to (49). This vector is, therefore, also known before the im-
pulse.

The Euler-Lagrange equations are a homogeneous set. This condition indicates
that only their ratios are significant and that one of the multipliers may be chosen ar-
bitrarily. Since the multiplier A 4 will remain nearly constant over the solution, its

initial value will be chosen on the following basis:

(65)

where

(H 13

< 1<

a = COS—II:‘I.—llJ (66)

This choice of sign for the initial value of A 4 is based on whether the impulse is a
posigrade or retrograde maneuver. Using equations (9) and (33), the constant g

may be determined as

7\5b = Asa =pcosf >\2<% - 6 tan 9) - >\2'
-20()\1 cos f - Ag sin 9) (67)
Similarly, from equations (10) and (34)
7\62‘ =247, - Zp()\lé + 250 sin 9) - pry (68)

The initial value of the mass multipliers Au must be determined before a solution

14



T,

can be generated. Recalling equation (19)

= o LI 1 _ T _ 4
Co- AIZV ?xzpo cos f A3p6 7t4p

A" - A - A p

and using the equations of motion, this constant may be written as

_ 2 2 z) 1 i
C, = All:—p<o cos @ +067) + ;2-] + ZAZU(ZV cos 8 - pb sin 9)

ZV—AO—AG-BK (69)

5 6

2 .
+A3<26ZV + po sin 6 cos 9) - 7\4

where equation (17), the relationship for «, has also been used. During the coasting
portion of the solution, k < 0 and B = 0, which facilitates a solution for the constant
Co in terms of known functions evaluated after the impulse. Since C0 has now been

uniquely defined, the initial value of k, and hence of Au, may be determined from an

evaluation of equation (69) before the impulse. Solving for X

Bv
b 1 e 2 2 2 1
7\“ =3 CO+T|§| +)\1|:p(0' cos0 + o ) —?}
_20>\2 (Zv cos 8 - pd sin 6) - 7\3 (Zﬁzv + pozsin 8 cos 9)
+7\42v +7\50 +7\66 (70)

The initial values of the Lagrange multipliers have now been determined as func-
tions of the state variables before and after the impulse, of the magnitude of the im-
pulse, and of the primer vector and its derivative after the impulse. The determination

of this vector and its derivative requires a solution of the constants Cl’ PYEERRE: C6
in Lawden's equations. A solution for these constants requires six independent

15



equations which govern the relationship of the multipliers on the coasting arc. The
simplest set of equations available is

)\10 cos z,l/O - AZO tan Xp = 0 (71)
Aqg COS wf - Agp tan x. = 0 (72)
Xgg = Agg tan ¥y =0 (73)

Agp = Agptan v = 0 (74)

0 M (15)

sin Xg ~ sin X¢

a b AY'
(Alo') +1= AZO 20°cos B + COS Y cOoS ¥
p_ 1AV
+Xag 26" + 5 €08 x sin ¢ (76)
where the following notation has been used
Mo = Al(to) (77a)
Mg = Al(tf) (77b)

Equations (71) to (74) result from evaluation of equation (15) at the initial and terminal
values of the coasting arc. Equation (75) was obtained by evaluating equation (20) at
both impulsive times and by eliminating the magnitude of the primer vector between
the two relationships. This is possible because the magnitude of the primer vector
must take on identical values at the two impulsive times, as is indicated by examina-
tion of equations (14) and (17). Equation (76) is equation (8) evaluated after the first
impulse, with )\4 having been eliminated by use of equations (41), (65), and (66).

16



After transformation of this set of equations into the altitude, range, and track
coordinate frame by means of equations (58) to (61), the constants Cl’ C2, ceny C6

can then be evaluated by inversion of the matrix of coefficients Aij and by solution of

the following equation:

i, j=1,2,...,6 (78)

]
iy
H
MOOOOO

The proper sign is determined from the relationships established in equations (65) and
(66). It is noted that the values of the A 4 and A6 multipliers after the first impulse

were required for a solution of the initial values of the Lagrange multipliers.
CONVERGENCE TECHNIQUE

With a technique for generating the initial values of the Lagrange multipliers
from an approximate closed-form solution, a convergence process may be established
for the exact solution. The basis for convergence is that the impulsive (approximate)
and nonimpulsive (exact) trajectories have solution curves which are similar, such that
an identical change in the initial values of each will produce approximately the same
change in the terminal boundary conditions. These terminal boundary errors can be
nullified by generation of corrections to the initial values from the impulsive solution.
Convergence will occur if assumptions of the impulsive solution are not violated ex-
cessively.

Figure 3 is a logical flow chart of the iterative technique used in the convergence
process. A switch k governs the various phases of the solution.

With the desired terminal boundary conditions and the switch k equal to 0, the
impulsive solution is solved for the initial values of the Lagrange multipliers AR and

is denoted as the reference solution. If the nonimpulsive system of equations is inte-
grated to a terminal cutoff using the initial values AR’ the resulting terminal vec-

tor QI should resemble the desired terminal boundary conditions. The error in these
conditions is indicative of the accuracy of the approximate solution. After replacement
of the desired boundary conditions by those obtained from the nonimpulsive solution

B= BI the impulsive solution is resolved for the initial vector A The switch k is

set equal to +1. In the impulsive solution, a change in the initial vector of

Ak =3 - (79)

[

R
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> > 1> Iw ioo
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O

Figure 3. - The use of an impulsive solution in a convergence technique.

has produced a change in the terminal conditions of

AB = EI -B (80)

Because the impulsive solution is an approximation to the exact system of equations, it
is assumed that the negative of this correction should produce an approximate change
in the terminal boundary conditions of the nonimpulsive solution. Therefore, the cor-
rected initial values of the Lagrange multipliers are

Ao=Ap - al (81)

The switch k for the next and all future passes is set equal to -1. The procedure is
repeated with one exception. The correction to the reference vector iR is made with

18



respect to the previous integrated solution EC This correction is given by

A

155
|

e (82)

The solution is continued in this manner until the terminal boundary conditions ap-
proach the desired conditions within some arbitrary tolerance.

EXAMPLE PROBLEM

To adequately demonstrate this solution technique, a fuel-optimum Earth-to-Mars
transfer problem is solved for a wide range of initial thrust accelerations. The solu-
tion is initiated on Julian date 2 442 680 with a 213-day transfer time. The exhaust ve-
locity is fixed at 1. 0231545 EMOS (Earth mean orbital speed). Convergence was rapidly
obtained for thrust accelerations ranging from the impulsive case to a value of

5.0 X 10_4g (lg =32,2 ftéecz). Solutions for accelerations less than this value
could not be obtained without modifying the covergence technique. The variation in the
initial values of the Lagrange multipliers with initial thrust acceleration for this trans-
fer problem is illustrated in figure 4. The multipliers can be noted to diverge from
their impulsive values as the initial thrust acceleration is decreased. It may appear
that the initial values of the Lagrange multipliers are insensitive to the initial thrust
acceleration. In this respect, this figure is misleading. The sensitivity of the mul-
tipliers to changes in the initial conditions is obscured by the nondimensionalization

of the problem variables. Because, for this solution technique, only the mass mul-
tiplier )\“ is a function of T/m0 and the remaining lambdas use the impulsive solution

multipliers as starting values, convergence will be limited to thrust-acceleration levels
which do not violate excessively the assumptions of the analysis. For example, the
impulsive solution is based on a thrusting logic cycle of thrust-coast-thrust. If, for a
finite acceleration level, the starting values produce a solution which does not complete
this cycle before reaching a terminal cutoff condition, convergence will not occur.

The significance of figure 4 should be reemphasized concerning the problems to
which this solution technique is applicable. It will be recalled that the equations de-
veloped in this analysis were formulated in a nondimensional form. In this formula-
tion, the particular example problem is immaterial with respect to the developed
equations. The characteristics of the Lagrange multipliers for the investigated range
of the initial thrust acceleration are shown in figure 4.

A measure of the efficiency of the solution technique is the number of iterations
and the time required for a convergence to a desired set of boundary conditions. An
iteration is defined as the number of corrections that are made to the multipliers such
that the terminal constraints are satisfied on the succeeding solution within an arbi-

trary tolerance. For this example problem, a uniform tolerance of 2,0 X 10_4 was

selected because all variables are nondimensionalized., The data for each iteration

of the Earth-to-Mars transfer with an initial thrust acceleration of 9.0 x 10_4g are

19



Initial thrust acceleration, g, nondimensional

20

0 .1 .2 .3

A1 |

A4

A2

-)\6

e ——

5

Initial values of Lagrange multipliers, nondimensional

)\p-J

N

.6

Figure 4. - Variation of initial values of Lagrange multipliers with thrust ac-
celeration for a 213-day Earth-to-Mars transfer; Julian date 2 442 680,

v
€

= 1.0231545 Earth mean orbital speed.
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TABLE I. - EARTH-TO-MARS TRANSFER (213-DAY)a

Iteration no.
Variables
0 1 2 3 4 5 6
VF’ EMOS . . . . 0.70447625 | 0.70764348 | 0.73613807 | 0.73759156 | 0.'7394565 | 0.7394178 | 0.7395386
yF, deg . . . .. 3. 5489735 2.6832596 1.4632210 1. 3113635 1. 236200 1.233388 | 1.2288496
AZF’ deg 90. 521965 90. 098216 90. 118342 90. 123595 90, 12412 90. 12409 90. 12396
rF, AU . . . .. 1.7477922 1. 7384044 1. 6700365 1.6666388 1.662387  1.6624722 | 1.6621979
GF’ deg . . . . . 2.5647125 1. 8270476 1.9067470 1. 8395678 1.849077 1.844119 | 1.8451757
¢F’ deg . . . . . 143. 07035 142. 06986 143. 11270 143. 15160 143. 2138 143.2086 | 143. 21273
,-‘A’;m . 101 2. 8987639 3. 2015208 3.1592476 3.1478997 3.145361 3. 144586 3. 144495
A20 . 101 5. 2501955 5. 1380339 5.1221021 5.1420125 | 5.1414238 | 5. 1427927 5. 142652
' A30 . 101 2.5655474 1. 7708472 2.0219506 1. 9684969 1.990323 1.985170 1.987014
>‘50 . 101 .24761119 | -. 09333626 . 00145934 .00513479 | .01298817 | .01273934 | . 01327756
AGO . 101 -5.347'7658 | -3.6911911 | -4, 2379409 -4,092365(-4.1393818 | -4.126159 | -4. 130388
Auo 101 6.4003868 6. 0136106 6.1206711 6. 1079195 6.117931 | 6.1162759 | 6. 1170768
t, days . . . . . 219.61825 219. 15351 213.76202 213.37727( 213.02954 | 213.02164 | 213. 00003

4 Julian date 2 442 680.




listed in table I. It is noted that convergence to the desired boundary conditions is
rapid and uniform. Computer time for this solution on a CDC 3600 electronic data
processing machine was approximately 2 seconds.

An initial thrust acceleration of 5.0 X 10—4g required 20 iterations and a solution
time of approximately 7 seconds. This indicates that, as the assumptions of the impul-
sive solution are violated, the number of iterations and the time required for a solution
rapidly increase.

For a comparison with other convergence techniques, an example problem with

an initial thrust acceleration of 3.1 x 10~ lg was solved using a first-order perturbation
technique. This convergence method required six times as much computer time as the
present technique.

CONCLUSIONS

A practical technique has been presented for obtaining solutions to optimum tra-
jectory problems with bounded thrust magnitude by use of an impulsive solution to
generate the starting values of the Lagrange multipliers.

This simplifies the problem by eliminating the necessity of choosing the initial
values of the Lagrange multipliers. The convergence scheme employs the impulsive
solution to generate corrections to the initial multipliers. The technique is demon-
strated by solving an Earth-to-Mars transfer problem for a wide range of initial thrust
accelerations. Computer (CDC 3600) solution time for the specific case of the thrust-

to~-mass ratio T/mo =9.0x 10_4g was 2 seconds. The solution time was shown to
increase rapidly as the assumptions of the impulsive solution are violated. In a com-
parison case with a T/mO =3.1x10" 1g, the convergence scheme was six times more
efficient than a first-order perturbation technique.

Lawden's equations for the Lagrange multipliers were used on all nonthrusting

arcs. This facilitated a rapid solution of the Euler- Lagrange equations and eliminated
the need for integrating on coasting arcs.

For a problem in which the variables have been nondimensionalized, the initial
value of the Lagrange multipliers appear to be constant for a wide range of value of

T/mo.

Manned Spacecraft Center
National Aeronautics and Space Administration
Houston, Texas, May 12, 1967
981-30-89-FA-"72
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APPENDIX

DERIVATION OF NONDIMENSIONAL EQUATIONS

The equations of motion in spherical coordinates of a mass particle acted upon by

the accelerations of gravity and thrust T/m are

(o)
. u +Ww G . B
v—————-I-‘—————+;—2———rﬁsm)<—0 (83)
. u(v-wtang) T N
u+—r~———~ﬁ1—cosxcos¢/~0 (84)
( u2t 9) T
wewrutanb/ 2 s xsinyg =0 (85)
r m
r-v=20 (86)
(87)

rqécose—uzo

rd - w=0 (88)
m+%:0 (89)

where X and Y are arbitrarily chosen control variables and Ve is the exhaust ve-
locity, assumed constant. Choosing a reference position T and a reference velocity

VR’ defined as circular velocity at the position Ip
1/2
e /
VR =\ 7= (90)
R
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the nondimensional equations of motion are

2 2
(Zu +Zw> 1
zZ'-—— — £

v D +;—2+Evesinx=0

(zv-zwtm1® .
1 LA —_— =
Zu+Zu o +uvecosxcosw-0

(szw + Zuztan 9) !
] ud : _
Zw+ 5 +Mvecosxsmzp—0

! - =
pZVO

pPtcos 0 - Zu=0

pt + 8 =20

The superscript prime refers to the nondimensional time

(91)

(92)

(93)

(94)

(95)

(96)

97)

(98)

where P is the period of the circular orbit. The new variables are defined by the

following equations.

v
Vo=
e VR
=1
P—rR
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(100)



(101a)

v
Z =
v VR
=
Zu = VR (101Db)
W
ZW =¥ (101c)
R
m
H=m (102)
o
, T
R
B=-2 _= (103)
) VR
The equations of motion are further transformed by letting
Zu
— |
o= ¢'= 5 cos 0 (104)
A
(105)

This change of variables results in the following nondimensional equations in terms of

the variables Zv’ g, 6 p, ¢, 6, and .

zZ ' - p(0200529 + 62) +L +Ev sin x=0 (106)
v 2 upe
p
. u!
4 - —_ -
potcos 6 + 20 (Zv cos 6 - pb sin 6) + 1 Vg €OS x cos Y =0 (107)
(108)

t
pd' + 206Z_ + pozsin 0 cosd +Ev cos xsiny =0
v noe
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o - Zv =0
o' -0=0
' -6=0
pt+8=0

(109)

(110)

(111)

(112)



e —

s

10.

REFERENCES

Leitmann, George, ed.: Variational Problems with Bounded Control Variables.
ch. 5. Optimization Techniques with Applications to Aerospace Systems.
George Leitmann, ed. Vol. V of Mathematics in Science and Engineering.
Richard Bellman, ed. Academic Press, 1962, pp. 171-204.

Lawden, Derek F.: Optimal Trajectories for Space Navigation. Butterworths
and Company, Ltd. (London), 1963.

Lawden, Derek F.: Fundamentals of Space Navigation. J. Brit. Interplan. Soc.,
vol. 13, no. 2, Mar. 1954, pp. 87-101.

Handelsman, M.: Optimal Free-Space Fixed-Thrust Trajectories Using Impul-
sive Trajectories as Starting Ifteratives. AIAA, vol. 4, no. 6, June 1966,
pp. 1077-1082.

Miele, Angelo, ed.: The Calculus of Variations in Applied Aerodynamics and
Flight Mechanics. ch. 4. Optimization Techniques with Applications to Aero-
space Systems. George Leitmann, ed. Vol. V of Mathematics in Science and
Engineering. Richard Bellman, ed. Academic Press, 1962, pp. 99-170.

Jezewski, Donald J.: On the Use of Approximate Analytical Solutions in Solving
Optimum Trajectory Problems. NASA TN D-2961, 1965.

Kelley, H. J., ed.: Method of Gradients. ch. 6. Optimization Techniques With
Applications to Aerospace Systems. George Leitmann, ed. Vol. V of Mathe-
matics in Science and Engineering. Richard Bellman, ed. Academic Press,
1962, pp. 205-254.

Lewallen, J. M.: An Analysis and Comparison of Several Trajectory Optimiza-
tion Methods. Ph. D. Thesis, Univ. of Texas, 1966.

Pines, Samuel: Constants of the Motion for Optimum Thrust Trajectories in a
Central Force Field, in Studies in the Field of Space Flight and Guidance
Theory. Progress Report no. 5. NASA TM X-53024, 1964, pp. 97-116A.

Battin, Richard H.: Astronautical Guidance. McGraw-Hill Book Co., Inc.,
1964.

NASA-Langley, 1967 —— 30 S-~151 21



“The aeronantical and space activities of the United States shall be
conducted so as to contribute . . . to the expansion of human knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the results thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

TECHNICAL REPORTS: Scientific and technical information considered
important, complete, and a lasting contribution to existing knowledge.

TECHNICAL NOTES: Information less broad in scope but nevertheless of
importance as a contribution to existing knowledge.

TECHNICAL MEMORANDUMS: Information receiving limited distribu-
tion because of preliminary data, security classification, or other reasons.

CONTRACTOR REPORTS: Scientific and technical information generated
under a NASA contract or grant and considered an important contribution to
existing knowledge.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

SPECIAL PUBLICATIONS: Information derived from or of value to NASA
activities, Publications include conference proceedings, monographs, data
compilations, handbooks, sourcebooks, and special bibliographies.

TECHNOLOGY UTILIZATION PUBLICATIONS: Information on tech-
nology used by NASA that may be of particular interest in commercial and other
non-aerospace applications. Publications include Tech Briefs, Technology
Utilization Reports and Notes, and Technology Surveys.

Details on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION
NATIONAL AERONAUTICS AND SPACE ADMINISTRATION
Washington, D.C. 20546



